A systematic modeling of uncertainty due to image processing, material characteristics and experimental works was developed in order to propose a novel stochastic image-based multi-scale method for heterogeneous media. The effective mechanical properties with application to three porous trabecular bone models were predicted by introducing the correction factor (¢) to represent the miscellaneous errors or unknown factors. Finally, the probability density was obtained for the effective mechanical properties, which could evaluate the reliability of scattered experimental results. It has been concluded that variation in effective properties of heterogeneous media can be predicted even when only limited measured values are available by using the present extrapolation technique based on verified simulation results.
Introduction
Designing a microstructure to obtain certain desired macroscopic properties in heterogeneous engineering materials is becoming realistic in the advanced manufacturing industries, thanks to the abundant researches of multi-scale modeling and simulation. With the aid of advanced tools such as high-resolution 3-D imaging and high performance computing, the modeling and simulation of very complicated microstructures have been carried out. However, the accuracy and reliability of the computational model were relied on many uncertainty factors. The introduction of ASME V&V 10-2006 standard 1) improved the awareness among the analysts about the importance of appropriate choice of quality of interest and uncertainty quantification in contributing to the credibility or trustworthiness of the computational mechanics model.
In manufacturing process, the uncertainty possibly arises due to the fabrication inaccuracies, environmental factors or degradation effects at the micro-scale level. For instance, the existence of inclusions and bubbles or even micro-cracks during the curing process in the adhesive bonding of multijoint materials might not be considered in the design stage of microstructure model. These random behaviors resulted in the inconsistency of the microscopic properties of constituent materials throughout the apparent model and led to the error of predicted macroscopic properties by means of multi-scale theory. In addition, the dispersion of the macroscopic properties is also dependent on the geometry of the microstructure that mostly has a non-periodic architecture with practically random spatial arrangement. The fabricated geometry of microstructure might not be same as was designed numerically. It has long been a critical issue for the microstructure design that has never been solved. The numerical analysis of idealized hypothetical microstructure model is meaningless. Hence, the use of 3-D imaging technique has been vital in order to observe the details of microstructure especially for porous materials. 24) Consideration of uncertainty quantification is also essential in the evaluation of experimental results when the validation of computational modeling becomes a matter of concern. 1) Specimen preparation, testing method, machine set-up and also the method of result interpretation from the experimental work cause the uncertainty to the final result. The inconsistency of the result commonly happens although the same repeated experimental set-up is performed. It even becomes more difficult if the standard procedure of the experiment is not established yet, such as in the biomechanics field. Numerous experimental studies on the mechanical properties of human bone particularly in porous trabecular region from various anatomical sites 57) were conducted, but the results were significantly scattered for each case. One of the major factors is the variation of bone characteristics due to interindividual differences. A huge number of experimental works are required in order to propose a general solution caused by variety of age and gender, for instance. Hence, numerical simulation has been expected to be a valuable tool that is able to model various types of uncertainty.
The stochastic homogenization finite element analysis 8, 9) is a useful method rather than the conventional approach of sampling method or Monte Carlo simulation where the computational cost becomes enormous. Therefore, this research has been undertaken to propose a novel computational modeling in the prediction of effective mechanical properties for heterogeneous or porous media by considering the uncertainty involved in the microstructure. The stochastic homogenization method based on a first order perturbation is used to characterize the random behavior of the micro-structure. The computational model developed here based on micro-CT images focuses on the uncertainty that arises in the image processing, material characteristics and other miscellaneous factors in experimental works.
Uncertainty Factors to Influence the Effective Properties
Many uncertainty factors contribute to the random variation in the microstructure of heterogeneous media. But in order to develop an appropriate probabilistic computational model, the essential step is to identify which uncertainty factor has significant effects on the system's response. The quantity of interest in this study is the effective mechanical properties. It is important to identify the uncertainty factors so that the computational model sufficiently represents the parameters involved and the unnecessary factors can be ignored to reduce the computational cost. The use of Phenomenon Identification and Ranking Table  (PIRT) 1) is a practical approach to identify the key uncertainty factors, and the level of importance to the system's response can be clarified.
To show the implementation of this step, we employed the PIRT for the estimation of the apparent mechanical properties of porous trabecular bone based on high-resolution micro-CT images. Table 1 lists the importance ranking for each particular uncertainty factor from three sources of human bone characteristics, experimental work and image processing. These sources were taken into account to develop the computational model of the present system's response. In the context of bone characteristics, the bone remodeling process is rated as highly importance since morphology and microscopic properties change due to the contents of mineralization 10) and biological apatite (BAp). 11) Obviously, the influence of age to the mechanical properties is more significant than the gender in terms of inter-individual differences.
Comparison with the experimental results in developing the mathematical algorithm could improve the reliability of the computational model. But the results obtained by the experimental study on the mechanical properties of trabecular bone produced a big scattering, for instance, as displayed in Fig. 1 , which was performed by Keyak et al. 6) Very surprisingly, the vertical axis in Fig. 1 used logarithmic scale. Hence, it appeared the regression curve that corresponded to the average line of the dispersal plots could not always characterize the real behavior of each case. The scattered result was influenced by the uncertainty involved not only during the compression test but also in the pre-and postexperimental works. The listed uncertainty in Table 1 depicted most of the factors that had strong influence on the system's response except for the definition of linear strain-stress relation (interpretation of the result) and microdamage (pre-failure mode condition), which were categorized as medium and low, respectively.
In the computational analysis of bone mechanics, the use of 3D imaging is almost compulsory in order to construct a realistic microstructure model. Hence, the uncertainty in image processing has been considered. Although the determination of threshold value 12) is crucial in image processing, the purpose of that is to avoid the unwanted artifacts and noise to be generated as part of the microstructure model. Thus, high level of importance has been given to the uncertainty of the artifacts and noise 13) because they contribute to the changes of morphology and volume fraction in the numerical model. The connectivity of rod-like trabecular bone, which determines the load-bearing capability and stiffness, is also significant.
Based on the above importance ranking table for a specific case of human porous trabecular bone, a stochastic imagebased multi-scale computational method has been developed in more generalized way to be applicable commonly to variety of heterogeneous materials.
Stochastic Image-Based Multi-Scale Method

Image processing for porous materials
According to the list of uncertainty highlighted in Table 1 , the applicability of each factor in the computational modeling was clarified. At first, the uncertainty in regenerating 3D models from binary images was modeled. The voxel (cubictype) finite element was used in the construction of the microstructure model. Some of the elements at the boundary might be neglected due to the 'zig-zag' shape and the connectivity probably disrupted. Hence, the modification of eight image processing procedures were proposed as listed in Table 2 in order to construct the possible 3D image-based model due to the uncertainty in image processing. The labeling process was introduced to eliminate the noise and unconnected clusters (small volume of microstructure model), while the smoothness at the boundary of the microstructure model was improved in the voxel edge process. In the dilation-erosion process, the connectivity of the microstructure was compensated.
In the following, the uncertainty in the image processing is denoted as a parameter I. All the 3D models based on the image processing procedures I in Table 2 have a possibility to be generated practically. If all models were considered and the probability of each I (PrI) is dependent on the probability density function ( f ), then eq. (1) should hold.
where j indicates the j-th number of image processing procedures in Table 2 . Thus, a unique solution considering all possible 3D models can be obtained by applying eq. (1). By assuming that f(I) is in normal distribution and each PrI stands for a unit interval ·, each PrI was computed using empirical rule of Gaussian normal distribution as listed in Table 2 .
Mathematical theory
Based on linear multi-scale theory, the macroscopic properties of heterogeneous materials (D H ) is influenced by two main factors at the micro-scale level, which are the geometrical information (X) and microscopic properties (D) of the constituent materials. X in the microstructure model is determined by a function of the material types (M), volume fraction (V), morphology (A) and image processing procedures (I). In addition, we introduce a parameter ¢ to represent the miscellaneous errors that possibly occurs in the experimental work as highlighted in Section 2. Consequently, the estimation of the D H can be formulated as eq. (2).
where F stands for a function to determine D H and k represents the number of constituent materials. The sum of V for k constituent materials is written as following.
Note that the above equations are not limited to the porous trabecular bone, but are commonly applicable to variety of composite materials and porous materials.
To consider the random variation of characteristics at the micro-scale, a small fluctuation denoted by ¡ is assumed. For simplified probabilistic model, the fluctuation of ¡ is assumed to be in normal distribution with the expected value (Exp) of zero and variance (Var) of · 2 , as written in eq. (4).
This is not a strict limitation and other general distribution is acceptable, but this set-up simplified the following formulation. If the fluctuation of ¡ exists in the microscopic properties, then the stochastic response of D is formulated as follows.
where D* is the deterministic microscopic properties. Next, by applying a first order perturbation and considering the fluctuation of D(¡), the D H is approximated in an expansion form as eq. (6).
where the superscript '0' indicates the deterministic term, while '1' represents the first-order differential of the stochastic variable (¡) at ¡ = 0. Then, the expected value and variance of D H can be computed by the first-order approximation.
9)
where 'cov' denotes a covariance of ¡.
To obtain the zero-th and first-order of D H , the deterministic homogenization theory is adopted. Hence, the approximation function in eq. (2) is re-written as eq. (8) using the characteristic displacement of the microstructure model », which is defined in the conventional homogenization theory. 
model is relied on the j-th image processing procedure (I j ), the D H is calculated by eq. (9).
where Y I j is dependent on the parameters M, V, A and I.
Since D in eq. (9) has a small fluctuation, thus » also is approximated in the perturbation form according to the stochastic homogenization method.
Substituting eqs. (5) and (11) into eq. (9) and equating the order of ¡, the zero-th and first order D H for each 3D image-based model are computed by eqs. (12) and (13), respectively.
ðD
B is the strain-displacement matrix derived in the finite element discretization. Newly considering the miscellaneous errors in this paper, which are possibly generated due to the uncertainty in the experimental work, then D H is re-written as follows.
¢ is defined as a scalar value and is multiplied by the stochastic part of D H to represent the magnification of the fluctuation caused by the miscellaneous errors. The value of ¢ is determined by fitting to existing reliable experimental results. Finally, the effective macroscopic properties considering all Y I j is computed using Gaussian mixture model, as formulated in eq. (15), by multiplying eq. (14) with the probability of I in Table 2 .
Once ¢ is calibrated, the proposed model is supposed to be used as an extrapolation method using the same ¢ from the verified case to another case without experimental fact.
Modeling and Analysis of Vertebral Trabecular Bone
Micro-CT image-based modeling
3D trabecular bone models were extracted from fourth lumbar human vertebra of three cadavers in this study. Based on Dual-energy X-ray Absorptiometry (DXA) analysis, two subjects were supposed to be healthy (males; aged 68 and 69 years old) and the other one was osteoporotic (female; 86 years old). A micro-CT device (SMX-100CT, Shimadzu, Kyoto, Japan) was used to examine the bone specimens with a voltage of 40 kV and a current of 30 µA. The ethics committee has approved the analysis of the bone specimen. The resolution of micro-CT images was 31.91 and 30.90 µm for healthy bones and 29.92 µm for osteoporotic bone. The images were thresholded by comparing the specific portion of trabecular microstructure image with the slice of real bone, to obtain 3D binary image. A sequential binary images was converted to the voxel eight-node brick elements 14) using DoctorBQ software (Cybernet Systems Co., Japan). The voxel element size was set to be the same as image resolution. A cubic region of interest (ROI) of 4 mm © 4 mm © 4 mm in size was selected in the center of each constructed trabecular bone model as shown in Figs. 2(a) 2(c), for osteoporotic No. 1 (O1), healthy No. 1 (H1) and healthy No. 2 (H2) bone models. The vertical axis of human body or cranio-caudal, posterior-anterior, left-right axes were defined as axes-3, 2 and 1, respectively. The ROIs were carefully selected to assure the periodicity condition of the homogenization analysis and the size satisfied the requirements of at least five inter-trabecular lengths. 15) It has been confirmed the ROI size is not so much influential on the final result. 4) For the above reasons, the threshold value and ROI size are excluded from the uncertainty factors.
Eight voxel models were generated for each bone model based on the procedures listed in Table 2 , in order to model the uncertainty of the image processing techniques. shows some of the reconstructed models for osteoporotic bone No. 1 (O1). The difference for each model was hardly seen but obviously, the additional trabecular struts were found in the O1-I 6 compared to O1-I 2 and I 4 as indicated in the circle.
Material modeling of bone tissue
Uncertainty of the trabecular stiffness of bone tissue might arise due to the bone remodeling process that reacted against mechanical loads. The trabecular bone tissue was found stiffer in the preferential alignment of the c-axis BAp crystallite orientation than the other directions by measurement using X-ray diffraction method.
11) The fluctuation of the alignment of c-axis BAp crystallite at the nano-scale that results from the bone remodeling might cause the variation of the trabecular stiffness. Thus, the stochastic anisotropy in the material axis of trabecular bone tissue was investigated in this study. The fluctuation of the c-axis orientation with respect to the principal axis of trabecular microstructure (or in axis-3 for the present model) was assumed in normal distribution after X-ray diffraction measurement, 11) and then the Young's modulus of the trabecular bone tissue in axis-3 (E 3 ) was written as following.
where E 0 is the deterministic Young's modulus of trabecular bone tissue. Next, the fluctuation of the Young's modulus in the other two orthogonal axes was set as half of that in principal axis 4) as written in eq. (17).
The deterministic poisson ratio¯and the stochastic response of shear modulus G were set as eqs. (18) and (19) , respectively, in order to hold the symmetry of the compliance matrix.¯2
The Young's modulus of trabecular bone tissue was set as 10 GPa and 0.4 of poisson ratio. To eliminate the possible errors due to boundary condition setting on the ROI, 16) a periodic boundary condition was applied. The stochastic variable ¡ was assumed in normal distribution with zero mean value and a variance of 0.03 2 according to eqs. (4) and (5). The value of variance satisfied the recommended value range being less than 0.1 in order to keep the accuracy using the perturbation method approximation.
8) The determination of ¢ is described in the following section using the experimental results performed by other published works. 6, 1722) Figure 4 shows the predicted probabilistic density of the effective Young's modulus in the vertical axis (E models, respectively. In contrary, Keyak et al.'s result was plotted in the tail part of our predicted probability density, but all of the experimental results were located within the bounds of our prediction for ¢ = 8 and 10. Therefore, it was concluded that ¢ more than or equal to 8 was appropriate in order to give meaningful prediction on the mechanical properties. For the case of ¢ = 8, the mean value of E H 3 was found approximately at 118, 462 and 860 MPa for O1 with equivalent bone density of 0.076, H1 (0.16) and H2 (0.22), respectively. The results suggest that the bounds of the predicted result were increased with respect to the increase of equivalent bone density. It is interesting, however, that the probabilistic simulation implies that the effective properties are not always a function of bone density only. This fact is recognized as the effect of bone quality. Bone quality is another factor rather than the bone density that contributes to the bone strength. 23) Variations of bone tissue properties and microarchitecture of trabecular bone, which were considered in this study, are the possibilities that could represent the characterization of bone quality. Our result indicates the existence of this factor in determining the effective properties. Hence, the proposed method may give new insight to the comprehension of bone characteristics.
Results and discussion
Next, the predicted results for ¢ = 8 were plotted on the experimental result by Keyak et al. 6) in Fig. 7 . It appeared that our result for lower bone density (O1) case has very good agreement with the regression curve of Keyak et al.'s result, whilst our results were close to the lower bound of Keyak et al.'s result for high bone density (H1 and H2) cases. Now recalling the original experimental plot in Fig. 1 , however, only fewer experimental results existed for high bone density region especially more than 0.15. Also by reminding that our prediction for H1 and H2 were in very good coincidence with many others' experimental results as shown in Figs. 5 and 6, it would be natural to say that very small number of experimental results by Keyak et al. was insufficient to obtain the reliable regression curve in high bone density region. In other words, our results suggested that the regression curve by Keyak et al. overestimated the real effective properties. It is hard to identify the reasons for this result, but they were expressed in our theory by a parameter ¢.
In this study, a novel stochastic image-based multi-scale method has been developed in order to predict the effective mechanical properties of porous materials considering uncertainty that primarily arises in image processing, material characteristics and experimental works. The uncertainty factors were handled in systematic manner and the predicted result was verified with the experimental results, as shown in Figs. 46, to ensure the credibility of the present computational modeling. Through further discussion on the comparison with the data by Keyak et al., our numerical result may be able to update the reliability of the regression curve even in the region with fewer experimental results. That is, the proposed method is useful to predict the variation in effective properties by extrapolating the verified model to such a case without experimental results.
Also it should be noted that very large scattering mainly due to inter-individual differences could be estimated by the proposed theory. In the case of many engineering composite materials and porous materials, the scattering of experimental data is not as large as human bone. Therefore, the proposed model has potential when applied to many engineering materials with random microstructures. Also in the numerical design of microstructure for the emergence of desired macroscopic properties, the use of stochastic simulation is expected to solve the mismatch between the numerically designed microstructure and fabricated one, by updating the reliability with changing the parameter ¢ using appended experimental data.
Concluding Remarks
The stochastic image-based multi-scale theory considering a systematic uncertainty modeling of random porous microstructure was proposed in the present study. In the application to the analysis of human trabecular bone, the developed computational method could explain some parts of the scattered experimental result by introducing the correction factor (¢). The predicted results showed good agreement with mean values of largely scattered experimental facts by many researchers. Our numerical results suggested the regression curve obtained by Keyak et al., which has been frequently referred, overestimated the effective properties in high bone density region because the number of measured data was not sufficient. In the next step, the proposed method can be used as an extrapolation technique from verified case to another case without measured data. Since a general theoretical framework was proposed in this paper, it may also be applicable to variety of engineering composite materials and porous materials. work has been supported by KAKENHI (Grant-in-Aid for Scientific Research (B), 24360047). The Ministry of Higher Education (MOHE), Malaysia also supported the first author. 
